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a b s t r a c t
Let G be a simple connected graph with n vertices and n edges
which we call a unicyclic graph. In this paper, we first investigate
the least eigenvalue λn(G), then we present two sharp bounds on
the spread s(G) of G.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, all graphs are finite undirected connected graphs without loops and multiple edges.
Let
An = {G|G is a connected graph with n vertices and n edges, n ≥ 3}.
Obviously, there is a unique cycle in G ∈ An. So, we call G is a unicyclic graph and, An is the set of
unicyclic graphs.
Let G denote a connected simple graph with n vertices, and let A(G) be a (0, 1)-adjacency matrix
of G. The characteristic polynomial of G is det(λI − A(G)), which is denoted by P(G, λ). Since A(G) is a
real symmetric matrix, all of its eigenvalues are real. We assume, without loss of generality, that they
are ordered in decreasing order, i.e.
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G).
The spectral spread (briefly the spread) s(G) of G is the spread s(A) of its adjacency matrix A, i.e.
s(A) = s(G) = λ1(G) − λn(G). For definition and properties of the spread of a matrix, one can
consult [7].
As s(G) is the diameter of the spectrum of G, it is very necessary to investigate the spread s(G).
Obviously, if G is a bipartite graph, then λ1(G) = −λn(G), s(G) = 2λ1(G). For any connected graph
T with n vertices and n − 1 edges (i.e. T is a tree), since λ1(Pn) ≤ λ1(T ) ≤ λ1(K1,n−1) [9] and since
Pn, T , K1,n−1 are bipartite graphs, we can get that s(Pn) ≤ s(T ) ≤ s(K1,n−1). In this paper, we study
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the spread of a connected graph G with n vertices and n edges (i.e. G is a unicyclic graph). There is
a considerable literature on the spread of the graphs with all kinds of propositions [2,3,6,8,13]. Our
results are motivated by the following conjecture in [3].
Conjecture ([3]). Of all the graphs with n vertices and e edges, suppose G is one with maximum spread.
If e ≤
⌊
n2
4
⌋
, then G must be bipartite.
We consider the spread s(G) of the unicyclic graphs by proving the lower bound of the least
eigenvalue. Let Skn be the graph which is obtained by joining one vertex of the cycle Ck to (n − k)
isolated vertices. We get that
s(Cn) ≤ s(G) ≤ s(S3n),
when G ∈ An − {S56} and n ≥ 6. Moreover, the left equality holds if and only if G ∼= Cn; the right
equality holds if and only if G ∼= S3n .
Obviously, the number of edges of S3n is m = n ≤
⌊
n2
4
⌋
, but S3n is not a bipartite graph. This
disproves the conjecture when G is restricted to be connected.
The terminology not defined here can be found in [1].
2. The least eigenvalues of G
In this section, we will investigate the least eigenvalue λn(G) of G. We first present some basic
lemmas in the following.
Lemma 2.1 ([9]). Let G be a tree with n vertices. Then
2 cos
pi
n+ 1 ≤ λ1(G) ≤
√
n− 1.
The left-hand equality holds if and only if G ∼= Pn, the right-hand equality holds if and only if G ∼= K1,n−1.
Lemma 2.2 ([5]). Let G be a simple connected graph with n vertices. Then there exists a bipartite spanning
subgraph G′ of G, satisfying λn(G) ≥ λn(G′).
The following result is often used to calculate the characteristic polynomial of graphs.
Lemma 2.3 ([12]). Let G be a simple graph, v ∈ V (G), C(v) be the set of all circuits including v. Then
P(G, λ) = λP(G− v, λ)−
∑
u∼v
P(G− v − u, λ)− 2
∑
z∈C(v)
P(G− V (z), λ)
where P(G, λ) be the characteristic polynomial of the adjacent matrix of G in λ.
The following lemma has been given in [14]. Now, we give a new proof as below.
Lemma 2.4 ([14]). For S3n , S
4
n and n ≥ 12, we have
λn(S3n) < λn(S
4
n).
Moreover, λ1(S3n) and λn(S
3
n) are the maximum root and the minimum root of the equation λ
3−λ2+(1−
n)λ+ n− 3 = 0, respectively (Fig. 1).
Proof. By Lemma 2.3, we can get that
P(S3n , λ) = P(P2, λ)λn−2 − (n− 3)P(P2, λ)λn−4 − 2λn−2 − 2λn−3
= (λ2 − 1)λn−2 − (n− 3)(λ2 − 1)λn−4 − 2λn−2 − 2λn−3
= λn−4(λ+ 1)(λ3 − λ2 + (1− n)λ+ n− 3),
P(S4n , λ) = P(P3, λ)λn−3 − (n− 4)P(P3, λ)λn−5 − 2P(P2, λ)λn−4 − 2λn−4
= λn−4(λ4 − nλ2 + 2n− 8).
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Fig. 1.
By solving the equality λ4 − nλ2 + 2n− 8 = 0, we can get
λn(S4n) = −λ1(S4n) = −
√
n+√n2 − 8n+ 32
2
.
Let f (λ) = λ3 − λ2 + (1 − n)λ + n − 3, it is evident that λ1(S3n) and λn(S3n) are the largest root and
the least root of the equation f (λ) = 0, respectively.
We have
f (−√n− 1) = −2 < 0, f
(
−
√
n− 3
2
)
= −3
2
+ 1
2
√
n− 3
2
> 0;
f (0) = n− 3 > 0, f (1) = −2 < 0;
f (
√
n− 1) = −2 < 0, f (√n) = √n− 3 > 0,
for n ≥ 11. Thus, the equation f (λ) = 0 has three real roots lying in the intervals
(−√n− 1,−
√
n− 32 ), (0, 1) and (
√
n− 1,√n). That implies
−√n− 1 < λn(S3n) < −
√
n− 3
2
and
√
n− 1 < λ1(S3n) <
√
n.
It is evident that
−
√
n− 3
2
< −
√
n+√n2 − 8n+ 32
2
,
when n ≥ 12. Thus
λn(S3n) < −
√
n− 3
2
< −
√
n+√n2 − 8n+ 32
2
= λn(S4n),
when n ≥ 12.
That completes the proof. 
By Lemma 2.4, we obtain two corollaries.
Corollary 2.5. Let λn(G) be the least eigenvalue of G ∈ An. Then
(1) −√n− 1 < λn(S3n) < −
√
n− 32 when n ≥ 11;
(2) −√n− 1 < λn(S3n) ≤ −
√
n− 2 when 3 ≤ n ≤ 10.
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Fig. 2.
Proof. From Lemma 2.4, we know that λn(S3n) is the least root of the equation f (λ) = λ3− λ2+ (1−
n)λ+ n− 3 = 0.
When 3 ≤ n, f (−√n− 2) = −1 + √n− 2 ≥ 0, so λn(S3n) ≤ −
√
n− 2. When 11 ≤ n,
f
(
−
√
n− 32
)
= − 32 + 12
√
n− 32 > 0, hence λn(S3n) ≤ −
√
n− 32 . Thus it proves the result. 
Corollary 2.6. Let λ1(G) be the largest eigenvalue of G ∈ An. Then
(1)
√
n− 1 < λ1(S3n) ≤
√
n when n ≥ 9;
(2)
√
n− 1 < λ1(S3n) ≤
√
n+ 1 when 3 ≤ n ≤ 8.
Proof. By Lemma 2.4, we get that λ1(S3n) is the largest root of the equation f (λ) = λ3 − λ2 + (1 −
n)λ+ n− 3 = 0.
When n ≥ 3, f (√n+ 1) = 2√n+ 1 − 4 ≥ 0 and f (√n− 1) = −2. So √n− 1 < λ1(S3n) ≤√
n+ 1 when 3 ≤ n ≤ 8. By Lemma 2.4 again, we obtain this corollary. 
From the following two results, we get two sharp upper bounds on the largest eigenvalue of trees,
and the ordering of the three trees by their largest eigenvalue.
Lemma 2.7 ([11]). Let G be a tree with n vertices, n ≥ 4 and G 6∼= K1,n−1. Then
λ1(G) ≤
√
1
2
(n− 1+
√
n2 − 6n+ 13).
The equality holds if and only if G ∼= T1 (in Fig. 2).
Lemma 2.8 ([11]). Let G be a tree with n vertices and G 6∼= K1,n−1,G 6∼= T1 (in Fig. 2). Then
λ1(G) ≤
√
1
2
(n− 1+
√
n2 − 10n+ 33).
The equality holds if and only if G ∼= T2 (in Fig. 2).
We denote the girth of G by g(G) or g . The following lemma indicates that the largest eigenvalue
of Sgn is decreased.
Lemma 2.9 ([4]). Let G be a unicyclic graph with girth g(G) = g. Then
λ1(G) ≤ λ1(Sgn ), and λ1(Sg+1n ) < λ1(Sgn ),
where 3 ≤ g ≤ n− 1. Moreover, λ1(G) = λ1(Sgn ) if and only if G ∼= Sgn .
Webegin to consider the bound on the least eigenvalue λn(G) of a unicyclic graph G and give a new
proof of the following result.
Theorem 2.10 ([14]). For an arbitrary graph G ∈ An and G 6∼= S3n . Then
λn(S4n) ≤ λn(G),
the equality holds if and only if G ∼= S4n .
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Proof. Suppose that g = 3 and G 6∼= S3n . By Lemma 2.2, we get that there exists a bipartite spanning
subgraph G′ of G, satisfying λn(G) ≥ λn(G′). So, G′ is a tree or a forest with n vertices. Since G 6∼= S3n ,
then G′ 6∼= K1,n−1. By Lemma 2.7, it is easy to get that if n ≥ 6,
λn(G) ≥ λn(G′) = −λ1(G′)
≥ −
√
1
2
(n− 1+
√
n2 − 6n+ 13)
≥ −
√
1
2
(n+
√
n2 − 8n+ 32) = λn(S4n).
Suppose that n = 4, there is no unicyclic graph satisfying G 6∼= S3n and g = 3. Suppose that n = 5,
there are two unicyclic graphs with G 6∼= S3n and g = 3. It is easy to see that the smallest eigenvalue of
each of those graphs is greater than λn(S4n).
Suppose that g ≥ 4, we distinguish the following two cases.
Case 1. g ≡ 0(mod 2).
By Lemma 2.9,
λ1(G) ≤ λ1(Sgn ) ≤ λ1(Sg−1n ) ≤ · · · ≤ λ1(S4n).
Since the girth g is an even number, G and S4n are bipartite graphs. Then −λn(G) = λ1(G) and
−λn(S4n) = λ1(S4n). So λn(G) ≥ λn(S4n).
Case 2. g ≡ 1(mod 2).
Since |λn(G)| < λ1(G) and λn(G) < 0, then λn(G) > −λ1(G). By Lemma 2.9, we have that
λn(G) > −λ1(G) ≥ −λ1(Sgn ) ≥ · · · ≥ −λ1(S4n) = λn(S4n).
Obviously, from Lemmas 2.7 and 2.9, the equality holds if and only if G ∼= S4n .
This completes the proof. 
By Theorem 2.10 and Lemma 2.4, it is easy to get the following corollary.
Corollary 2.11. Let G be a unicyclic graph with n ≥ 12 vertices. Then
λn(S3n) ≤ λn(G).
In the following theorem, we concentrate to determine λn(G) of the unicyclic graph G with g = 3 and
n ≤ 11.
Theorem 2.12. Let G be a unicyclic graph with g = 3, n vertices and 6 ≤ n ≤ 11. Then
λn(S3n) ≤ λn(G).
Proof. By Lemma 2.2, there exists a bipartite spanning subgraph G′ satisfying: λn(G) ≥ λn(G′). Since
g = 3, G′ is a tree or a forest with n vertices.
IfG′ is a forest, there exists a component T ′ (i.e. a tree)with n′ ≤ n−1 vertices andλn′(T ′) = λn(G′).
By Lemma 2.1 and Corollary 2.5, we have
λn(G) ≥ λn(G′) = λn′(T ′) = −λ1(T ′)
≥ −λ1(K1,n′−1) = −
√
n′ − 1 ≥ −√n− 2
≥ λn(S3n).
If G′ is not a forest but a tree, we suppose G 6∼= S3n , G 6∼= H and G 6∼= H ′ (in Fig. 2). Then G′ 6∼= K1,n−1
and G′ 6∼= T1 (in Fig. 2). By Lemma 2.8 and Corollary 2.5, we can get that, for n ≥ 6,
λn(G) ≥ λn(G′) = −λ1(G′) ≥ −λ1(T2)
= −
√
1
2
(n− 1+
√
n2 − 10n+ 33) ≥ −√n− 2
≥ λn(S3n).
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Table 1
n = 6 n = 7 n = 8 n = 9 n = 10 n = 11
λn(S3n ) −2.0861 −2.3234 −2.5366 −2.7321 −2.9136 −3.0839
λn(H) −1.9202 −2.1542 −2.3713 −2.5726 −2.7603 −2.9365
λn(H ′) −1.8723 −2.1220 −2.3489 −2.5562 −2.7478 −2.9267
If G ∼= S3n or G ∼= H or G ∼= H ′(in Fig. 2), we present the least eigenvalues of G with vertices
6 ≤ n ≤ 11 in Table 1.
From this table, we get that λn(H) > λn(S3n) and λn(H
′) > λn(S3n).
This completes the proof. 
3. The bounds on the spread s(G)
In this section, we discuss upper and lower bounds on the spread s(G) of a unicyclic graph.We first
state some lemmas about λ1(G) and s(G).
Lemma 3.1 ([4]). Suppose that G ∈ An. Then
λ1(Cn) ≤ λ1(G) ≤ λ1(S3n).
The left-hand equality holds if and only if G ∼= Cn, the right-hand equality holds if and only if G ∼= S3n .
Lemma 3.2 ([3]). Suppose that H is an induced subgraph of G. Then s(G) ≥ s(H) with strict inequality if
G is connected and H is a proper induced subgraph of G.
Lemma 3.3 ([3]). If H is a bipartite subgraph of a graph G, then s(G) ≥ s(H).
Recall that a graph is minimal with respect to the property P if it has the property P and none of
its proper induced subgraphs has this property.
The following lemma will be used in the proof of the lower bound on the spread of the unicyclic
graphs.
Lemma 3.4 ([10]). There are exactly 30 minimal connected graphs with respect to the property of having
the spread greater than 4 and they are displayed in Fig. 3.
Now, we give a sharp upper bound on s(G) of the unicyclic graphs.
Theorem 3.5. Let G be a unicyclic graph with n vertices and the girth g.
(1) If n ≥ 6, then s(G) ≤ s(S3n) with equality holding if and only if G ∼= S3n .
(2) If n = 4 or 5, then s(G) ≤ s(S4n) with equality holding if and only if G ∼= S4n .
Proof. (1) If n ≥ 12, by Corollary 2.11 and Lemma 3.1, we obtain
s(G) = λ1(G)− λn(G) ≤ λ1(S3n)− λn(S3n) = s(S3n).
If 6 ≤ n ≤ 11 and g = 3, by Theorem 2.12 and Lemma 3.1, we have
s(G) ≤ λ1(S3n)− λn(S3n) = s(S3n).
If 6 ≤ n ≤ 11 and g ≥ 4, then G 6∼= S3n . By Lemma 2.9 and Theorem 2.10, we get
s(G) ≤ λ1(S4n)− λn(S4n) = s(S4n).
From Table 2, it is clear that s(S4n) < s(S
3
n). So s(G) < s(S
3
n).
It is evident that the equality holds if and only if G ∼= S3n .
(2) We present all the unicyclic graphs which have n = 5 vertices and their spread s(G) in Fig. 4.
So s(G) ≤ s(S45).
Further, it is easy to get s(S44) = s(C4) = 4, s(S34) = 3.6513. Thus s(S44) > s(S34).
This completes the proof. 
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Fig. 3.
Table 2
n = 6 n = 7 n = 8 n = 9 n = 10 n = 11
s(S3n ) 4.6002 5.0047 5.3800 5.7321 6.0647 6.3810
s(S4n ) 4.5765 4.8990 5.2263 5.5503 5.8670 6.1745
Fig. 4.
Finally, we show a sharp lower bound on s(G) of a unicyclic graph as below.
Theorem 3.6. Let G be a unicyclic graphwith n vertices. If n ≥ 5,G 6∼= S56 , then s(G) ≥ s(Cn). The equality
holds if and only if G ∼= Cn.
Proof. As G is a unicyclic graph, without loss the generality, we suppose that the girth g of G is less
than n.
If n = 5, then s(G) ≥ s(C5) ≈ 3.6180 by determining the spread of all unicyclic graph with 5
vertices (in Fig. 4). The equality holds iff G ∼= C5.
Case 1. g ≡ 0(mod 2). Obviously, Cg is a bipartite subgraph of G. By Lemma 3.3, s(G) > s(Cg) = 4 ≥
s(Cn).
Case 2. g ≡ 1(mod 2). We consider three subcases : (a) g ≥ 7; (b) g = 5; (c) g = 3.
Subcase a. As g ≥ 7, the unicyclic graph G has the induced subgraph G20 or G29 which are shown in
Lemma 3.4. By Lemmas 3.2 and 3.4, we obtained s(G) ≥ min{s(G20), s(G29)} > 4 ≥ s(Cn).
Subcase b. If g = 5 and n ≥ 7, the unicyclic graph G has one of the induced subgraphs G15,
G16, G18 and G23 which are shown in Lemma 3.4. By Lemmas 3.4 and 3.2, it is easy to get s(G) ≥
min{s(G15), s(G16), s(G18), s(G23)} > 4 ≥ s(Cn).
If g = 5 and n = 6, then there exists no graph nonisomorphic to S56 .
418 Y. Wu, J. Shu / European Journal of Combinatorics 31 (2010) 411–418
Subcase c. As g = 3 and n ≥ 6, the unicyclic graph G has one of the induced subgraphs G5, G7, G8, G10,
or G12 in Lemma 3.4. By Lemmas 3.4 and 3.2, we can get that
s(G) ≥ min{s(G5), s(G7), s(G8), s(G10) s(G12)} > 4 ≥ s(Cn).
It is evident that the equality holds if and only if G ∼= Cn.
Now, this completes the proof. 
Remark. Let G be a unicyclic graph.
1. Suppose that n = 6. Since λ1(S56) ≈ 2.114, λn(S56) ≈ −1.860, s(S56) ≈ 3.974 < 4 = s(C6). Hence,
s(G) ≥ s(S56) and the equality holds iff G ∼= S56 .
2. Suppose that n = 4, then s(G) ≥ s(S34) ≈ 3.6513.The equality holds iff G ∼= S34 .
3. Suppose that n = 3 and G is unicyclic, then G ∼= C3.
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